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Review

Ostwald ripening and its application
to precipitates and colloids in ionic
crystals and glasses

S.C.JAIN*, A.E. HUGHES
Materials Development Division, Atomic Energy Research Establishment, Harwell,
Didcot, Oxon, UK

The theory of Ostwald ripening developed by Lifshitz and Slezov and by Wagner (LSW
theory) has been used for many years to interpret ageing experiments in metallic alloys.
The theory is reviewed, and extended in some respects which are suggested by using it
to interpret experiments on the ripening of precipitates and colloids in non-metallic
systems. A detailed treatment is given for the case where the diffusion of solute species
down dislocations or grain boundaries controls the ripening rate and the particle size
distribution. The assumptions and approximations used in the theory are examined, and

it is shown that an inhomogeneous spatial distribution of particles can lead to several
independently ripening systems within the same sample if groups of particles are
separated by distances large compared with the interparticle separation within each
group. The theory is then used to interpret observed size distributions of precipitates in
alkali halides and glass. Some of the data do not fit into the framework of the LSW
theory and it is suggested that this is the result of the extremely inhomogeneous spatial
distributions of particles found in electron microscope studies of these systems

1. Introduction

Studies of the precipitation of particles from a
supersaturation of a solute in a crystal matrix were
first made by Frank, [1], Zener [2], Wert [3],
Wert and Zener [4, 5], Ham [6, 7] and others
(see Christian [8] for references to other papers).
If the time of nucleation is relatively short, the
particle size distribution remains narrow during
the process of precipitation from a high super-
saturation. However, when most of the excess
solute has been precipitated, and the super-
saturation has become small, the smaller particles
begin to dissolve and the larger particles grow by
“devouring” the smaller particles, a process
known as Ostwald ripening. The driving force for
Ostwald ripening arises because the concentration
of solute in the vicinity of small particles is greater,

and that in the vicinity of large particles less, than
the average supersaturation. The solute therefore
flows from small particles to the crystal matrix
and from the matrix to the large particles. The
theory of Ostwald ripening was formulated by
Greenwood [9] and considerably extended by
Lifshitz and Slezov [10—12] and Wagner [13],
and has become known as LSW theory. Modifi-
cations to the theory have been suggested by
Ardell [14],Dunning [15] and Kahlweit [16—18].
The LSW theory predicts that for large values of
time, the average radius R grows as " where
n <1 and the size distribution expressed as F(R/R)
does not depend on time. A number of reviews
of Ostwald ripening theory have been published
(for example [17,19,20]), treating various aspects
of the problem.
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Extensive experimental work has been done on
the measurement of size distributions of precipi-
tates in metal alloys (see the review by Greenwood
[20]), notably by Ardell and associates (see [21]
for reference to several earlier papers), In the
majority of cases studied, the average particle
radius R seems to follow the t'* growth law, as
predicted by the theory when the ripening process
is controlled by volume diffusion of solute through
the matrix*®, However, in most cases, the observed
size distribution curves are much wider than those
predicted by the theory. In many cases, a few
large particles are found, which do not form part
of the main system of particles. In some cases, a
tail on the large size side is observed, in complete
contradiction to the LSW theory, which predicts
distributions with a sharp cut-off.

More recently, size distributions of colloids and
precipitates in non-metals have been reported
[24-30], and attempts have been made fo in-
terpret some of the results theoretically [31, 32].
Except for the results for silver particles in KCl
[26], where the size distributions are narrow, the
observed distributions have the same general
features as precipitates in metal alloys discussed
above. The K and Na colloid size distributions
in KCl and NaCl {24] have a tail on the large size
side. The size distribution of silver particles in
photosensitive glass observed by Kreibig [25] is
too wide, and a few large particles, which do not
form part of the general system of particles, are
observed. In NaCl crystals containing a low Mn
concentration, the size distribution of MnCl,:
6NaCl precipitates (Suzuki phase) [27] appears to
be similar to the distributions observed in metal
alloys. As the concentration of Mn increases, the
distribution becomes very complex. In view of
all these deviations between experiment and the
LSW theory, it seems pertinent to examine the
limitations of the theory and the extent to which
modifications which take further account of the
physics of the problem can improve the under-
standing of Ostwald ripening processes, particularly
in non-metallic systems.

The effect of dislocations or grain boundaries
on transport of solute atoms is well known [7, 20,
28--30, 33--38]. It is not clear whether any of the
discrepancies discussed above could be due to the
effect of dislocation diffusion on the size distri-

bution, since the detailed statistical theory for this
case has not previously been fully developed [20].
In the next section we extend the LSW theory to
the case of dislocation or grain boundary diffusion,
making the same approximations as used by
Lifshitz, Slezov and Wagner. In Section 3 we
examine critically some of the approximations
used in the theory. Using the results obtained in
Sections 2 and 3, we compare, in Sections 4 and 5,
the size distributions observed in non-metals with
the modified theories. The results point to some
new features of Ostwald ripening which are of
general interest in materials science.

2. Ripening theory and its extension to
the case of diffusion through
dislocations or grain boundaries

2.1. The three basic cases

During Ostwald ripening, solute atoms must diffuse
through the matrix so that matter can be trans-
ported from small precipitates to large precipitates.
This implies that solute atoms can evaporate
freely from the small particles and then condense
on the large particles once they have arrived in
their vicinity. Although in principle the theory
can be developed for the general case where both
processes are considered [13, 20}, analytical
results are only obtained when one of these steps
is the ratelimiting process. We can distinguish
three different cases, according to the transport ot
reaction process which is considered to determine
the kinetics of the particle ripening. If evaporation
or condensation of solute at the precipifates is the
rate-controlling process, regardless of the mechan-
ism of diffusion through the matrix, then
we have what is referred to as the “‘surface
reaction™ case, case 1. Case 2 refers to the situation
where the rate-controlling step is bulk diffusion
of solute through the matrix, the “volume dif-
fusion” case. Finally, case 3 covers the situation
where diffusion of solute through the matrix takes
place by dislocation pipe or grain boundary dif-
fusion. Simple theoretical results can be cobtained
if any one of these three processes determines the
rate of ripening. The L8W theoretical results for
the first two cases are available (see [20]). We
derive the results for the dislocation or grain
boundary case in this section. Some other cases
(e.g. surface reaction limited with second-order

*See however Smith [22] who showed that the same experimental data can be fitted with '/® and #'* laws, the latter
being valid for the case where the ripening rate is conirolled by surface reactions at the precipitate. (See also discussion

after the paper by Mukherjee and Sellazs [23]).
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kinetics) have been discussed by Kahlweit [17,19].

The assumptions under which we shall develop
the theory are the same as those discussed by
Wert and Zener*[5] and Greenwood [9] ,-and used
by Lifshitz and Slezov [10] and Wagner [13]. We
shall discuss some of these assumptionsin Section 3
after presenting the main results. To make the
article self-contained, the detailed mathematical
steps are included as appendices.

2.2. Growth rate of particle radius, dR/dt
In Ostwald ripening, the large particles or precipi-
tates grow and the small ones shrink. The solute
atoms migrate to the growing particles and away
from the shrinking particles. For convenience, we
shall generally discuss the “growing” particles and
the “migration to” the particles. The case of
shrinking particles follows by implication. Both
cases will be discussed explicitly where necessary.

In general the particle will receive solute
directly from the matrix by bulk diffusion as well
as by diffusion through dislocations or grain
boundaries. If the dislocation density is large and
if the temperature is not high, the amount of solute
received through dislocations or subboundaries
(or grain boundaries in the case of polycrystals)
can be considerably greater than that received by
bulk diffusion. We first discuss the case of dis-
location diffusion. The meaning of all the symbols
used is summarized in Appendix 1. The calculation
is considered in more detail in Appendix 2.

Consider a precipitate particle connected to the
solute in the matrix through a dislocation line
of “radius” ¢ (Fig. 1a)*. The diffusion equation
for transport of solute within the dislocation
line is (in the steady state approximation where
C =0, see Section 3.3)

2

d=cC
ma’D, i +jx) =0

(1)

where j(x) is the total flux of solute atoms entering
the dislocation line from the bulk at a distance x
from the precipitate.

The boundary conditions along the dislocation

dislocation line

{a}

_f 5 Ib
I
I x
\ _/ !
grain boundary

(b}

Figure 1 A spherical particle ripening (a) on a dislocation
line, and (b) on a grain boundary.

line are

C(x) = Cg whenx = R

@)
and

C(x) = C, whenx - o

3)

Consider now the solute concentration outside the
dislocation line. Except very near the particle, the
concentration is practically uniform everywhere in
the absence of the dislocation line. However, in
the presence of the dislocation line, the concen-
tration near the dislocation line ie. for s a
(Fig. 1a) will change, but will attain its average
value C, at large values of s. The problem of
calculating j(x) thus reduces to that of radial
diffusion into an infinite cylinder with the
boundary conditions

C = C(x)whens = a @)

)
The solution of radial flow in an infinite cylinder

is well known [40] and we can easily calculate j(x),
integrate Equation 1 and obtain an expression for

C = C, whens - oo

*The stress field of the dislocation line causes the atoms to drift into the dislocation line [39]. For the large values of
time (z =0 when precipitation begins) with which we are concerned in the ripening process, the drift is taken into
account by replacing ¢ by an effective capture radius ¢, [7, 36] given by

ae = mBJ/kT (6)

wheze B is the strength of the dislocation potential and m = 1.80 for the screw dislocation and 0.45 for the edge dislo-

cation.
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the solute current density D, (dC/dx), - into the

particle (see Appendix 2). The conservation of

solute atoms then leads to an equation for the rate
of change of particle radius.

27702,01 (g‘g)
dx x=R
(7

With C, > Cg this leads to an expression for dR/dt
of the form

dr
(Co—Cr)4nR* - =

dR _ G (Ca—Cr)

& R G ®

where (7 is a constant which involves the diffusion
coefficients D; and D and can easily be evaluated
(see Appendix 2).

Bullough and Newman [36] have used a “gas
like” boundary condition instead of Equation 4
in order to calculate the flow of solute atoms into
the dislocation line. It is shown in Appendix 2
that their treatment also leads to an expression of
the same type as Equation 8. It is clear that
R «R™? will result from any model where the
solute current to the particle is independent of R.

We now discuss the case of grain boundary
diffusion. Appendix 2 describes in detail our
extension and generalization of the treatment
given by Chakraverty [41], Vengrenovitch and
Psarev [42] and Vengtrenovitch [43] for particles
on a surface, and by Speight [34] and Greenwood
[20] for particles at grain boundaries. The dif-
fusion equation for diffusion through the grain
boundary is

Dgp 8 xaC

—+jx) =0
x dx 0Ox 7

©

where j' (x) takes account of the flux of solute
from the bulk to the grain boundary surface. The
boundary conditions are

C =Cgratx = R
C = Cyatx = L,L >R

(10)
(11)
The solute current j' (x) can be calculated as-
suming steady state diffusion from the matrix into

the grain boundary (as was done in the case of
bulk diffusion by Lifshitz and Slezov [12] and

Wagner [13]), and using the boundary condition
that C=C, at some large distance !/ from the
boundary. Equation 9 can then be integrated in
terms of Bessel functions of the second kind (see
Appendix 2). Using approximations D,/D>
R?[Ib, C, > Cg and that In (4 DgIb/DR?) is a
slowly varying function of R, the solution can be
shown to reduce to the form in Equation 8.

2.3. Ripening rate and size distribution
for the grain boundary or dislocation
case
The size distribution f(R, ¢) is obtained by the
solution of the continuity equation [10, 13]
of _ 3(f.R) 12)
ot R
under conditions where the total number of solute
atoms is conserved and R = dR/d¢ is given by an
equation such as Equation 8. We follow the
method of Lifshitz and Slezov in order to find the
distribution function f(R, ) for the quasi-steady
state reached at large values of £.* The procedure
is described in detail in Appendix 3, and we
confine ourselves in this section to the main results
of this treatment for case 3 and compare them
with the results of cases 1 and 2 (see Section 2.1)
as derived by Lifshitz and Slezov [10, 12}, Wagner
[13] and others.

The starting point in all treatments is to express
the concentration of solute Cy in equilibrium with
the particle of radius R by Thomson’s equation
(see for example [9]).

Cr = C_exp{(a/R) (13a)
where C., is the solute concentration in equilibrium
with a plane surface and o= 20/kT where § is
the atomic volume and o the interfacial energy of
the particle in the matrix. (Note that Lifshitz and
Slezov use a different definition of «, and G
seems to be omitted from the expressions in their
papers).

Assuming & < R (sse Section 3 for a discussion
of this point), Equation 13a can be expanded to

give

Cr = Cw (1+a/R) (13b)

*This asymptotic region of the LSW theory cannot persist to very large times, because ultimately the system should
ripen into one large particle. This point is discussed in papers by Kahlweit {1618}, but he does not derive any
analytical expression for the upper limit of time. This is an aspect of the theory where numerical calculations may be
helpful in the future. In this review we confine atiention to the LSW region.
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which allows Equation 8 to be written as

R _Galo 1 1
dt  C,R*\R. R

(14)

Here R, the “critical radius”, is the radius of a
particle which is instantaneously in equilibrium
with the mean solute concentration so that
Cg = C, and R = 0. From Equation 13b,

C, = C(1+a/Ry,). (15)

R, is a crucial parameter in the LSW theory, since
the radius distribution function expressed in terms
of the reduced variable R/R, is found to be
asymptotically independent of the time ¢.
Following the method of Lifshitz and Slezov,
we use the following substitutions (see Appendix 3)

u = R/R, (16)
Re()
7=1In an
R&(0)
Equation 14 can now be expressed as
d 4
==y (18)
dr
where
4aGC, dt
= 19
G 4R (4

Lifshitz and Slezov present rather involved
arguments to show that y must tend to a constant
Yo for large values of time. Precisely the same
arguments can be used in our case, and lead to
the same conclusion. The value of v, is found by
demanding that du/dr and its first derivative with
respect to u are zero at some value of u = u,.
Following this procedure, we get

Yo = 4u} (20)

and
uy = 4/3 (21)

We now follow further the method of Lifshitz and
Slezov and integrate Equation 12 with the help of
Equations 18 to 21, see Appendix 3. The final
results can be put in the form, valid for large times
(such that R, > R (0), see {12]):

Constant

fR D= F3 () (222)

Fy(u) =

-

3 —2 o1 tan~! u—l—uo\
u’ exp 3(u0—u)_CXp 62 an uo\/f}

(o — )" (U + 2uqu + 4uy)*"?

foru < 4/3,and F3(u) = 0 foru > 4/3. (22b)

_ 64CpR2(0) ]
For t> 713 = 7eGC.
RZ = R0)(1 +t/r3) (23)
C,—Co = 25 o prua 24)
R,
n(t) < ¥4 (25)

For the sake of completeness we write below
corresponding expressions for the surface reaction
and the bulk diffusion cases and show the plots of
Fi (w), Fy (u) and F5 (1) in Fig. 2.

For case 1 i.e. for surface reaction controlled
ripening, we have

exp [—3u/(2 —u)]

Fiw) = u G—u) foru < 2.0,
Fy() = Oforu>20 (26)
For t> 7 = 2—61;7{1%?2 :
RS = RZ(0)(1 +¢/ry) @7
C,—C.oxtV2 (28)
n(t) «t™¥? 29
Similarly for the bulk diffusion case, case 2, we
have
Fy(u) = u? (egxi [u_)733u(/3€3—_2i;l‘)‘]/3 foru < 1.5,
Fo(u) = Oforu>1.5. (30)
For t> 7, = 9—2‘%%(? :
Re = RIO)(1 + o/r,) (1)
C,—C.ax ™3 (32)
n(t) < 1 (33)
In all cases
R. = /R (34
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Figure 2 Theoretical size distributions: F, (&) for the surface reaction case, F' , (@) for the bulk diffusion case and F, (1)
for the dislocation and grain boundary diffusion case. The maximum values of the three functions occur at # = 1.00,
u =1.135 and u = 1.142 and the functions become zero at # = 2.00, u = 1.50 and u = 1.33 respectively. Note that
F(u) varies as #, u* and 4> near ¥ = 0 in the three cases, and the distribution becomes sharper in going from the surface
reaction case to the bulk diffusion case and from the bulk diffusion case to the dislocation and grain boundary
diffusion case. The critical radius R, grows at #2, t¥® and #V* respectively in the three cases.

where f= 1 for the bulk diffusion case and is close
to 1 for the other cases. In fact, in all cases it is
possible to relate R, exactly to the mean value of
some power of the radius (see Appendix 3 and
[13]). Thus in case 3 we find R; ! =R

2.4, Comparison of the three cases
If we write
dR  constant 1 1
d&¢ R \R, R

then n =0, 1 and 2 respectively for the three cases
discussed above (see [20]). The maximum of
dR/dr occurs at values of R given by

n+1

(33)

R = R, (36)
There is no value of R for which dR/dt is a true
maximum for the surface reaction case for which
n=10. For the bulk diffusion case (n=1) and
the dislocation diffusion case (n = 2), the maxima
of dR/dt occur at R/R, =u =2 and 3/2 respect-
ively. It is tempting to argue that since particles

1616

of these radii grow at a maximum rate, the
maxima of the size distributions may occur near
these values. The size distribution expressions
show that particles of these radii are never present
once the asymptotic limit is reached, and in fact
maxima in the three cases occur (Fig. 2) at
u = 1.000, 1.135 and 1.142 i.e. increasing with »,
a trend opposite to that of the values at which
maxima of dR/d? occur. As the value of » in-
creases, the dependence of dR/d¢ and F(R/R,)
on R becomes stronger. For u=R[R. 0, the
1/R, term in Equation 35 can be neglected and
dR/dt varies as 1/R™' and F(R/Ro) as
(R/R)™*'. Thus near u =0, F(u) rises as u,
u® and u® respectively in the three cases (Fig. 2).
Near the peak of F(u), the behaviour is largely

controlled by(l——l—). For R > R, the large
R R,
particles are not able to grow so quickly for large
values of n, giving a sharper cut-off for the dislo-
cation/grain boundary case than for the others, as
can be seen in Fig. 2.



3. Approximations involved in the theory
3.1. Details of precipitate shapes and

solute diffusion mechanisms
Although the ripening theory was developed for
highly idealized conditions, in many cases the
main results of the theory can be used even if the
conditions are not so ideal. Lifshitz and Slezov
[11, 12] have shown that the results of the theory
can be used even if the precipitate particles are not
spherical and even if lattice anisotropy and strains
are present, provided the parameters in the theory
(such as radius of the particle R and diffusion
coefficient D) are reinterpreted and modified.
Wagner [13] discussed the modification necessary
in the Thomson equation (Equation 13) if the
solute consists of dissociating molecules. The
growth of a precipitate involves not only transport
of solute atoms (or molecules) from solute rich
regions to the neighbourhood of the precipitate,
but also transport of the host lattice atoms from
the neighbourhood of the precipitate to distant
regions. The mechanisms of volume tansfer have
been considered by Oriani [44]. Oriani showed
how the parameter D used in the theory should
be reinterpreted or modified for the different
mechanisms of volume transport. Li et al. [45]
have also considered how D should be interpreted
for multi-component diffusion.

These modifications leave the main results
(growth law for the critical radius R, and ex-
pressions for the distribution of sizes etc.) unaltered.
They become important only if we use the results
to derive values of o, the surface energy, or D, the
diffusion coefficient, and therefore make ripening
rates a dubious method for determining these
parameters. The modifications cannot be invoked
to explain the discrepancy between theory and
experiment discussed in the Introduction, since
these involved the size distribution functions.

We discuss below some other approximations
used in the theory and their effects on the final
results.

3.2. Thomson’s equation — the capillarity
effect

For large values of R, both Equations 13a and b
are valid. However, for @/R 2 0.3, the approxi-
mation in Equation 13b becomes poor. Wagner has
argued that the error involved is not significant
since the population of the small particles is
relatively very small. Though this statement may

be true for the growth of R, and hence R, the
error can still have a significant effect on the shape
of F(u), particularly for small values of u. To see
this, we may proceed as follows.

The total number of particles per unit volume
n (1) is given by

n@ = [ @R (37
and from Equation 12 it follows that (see [13])

dn d e T 5
- = _d_tfo f®, AR = ~Lim [f(R, OR].

Since dn/dt must depend only on ¢, it follows that
as R — 0 the function (R, ¢) must show the inverse
functional dependence on R to R. This enables us
to find the limiting form of f(R, ¢) without ap-
proximating Thomson’s equation.

In general dR/dz in the three cases has the form

drR
dr

constant

(39)

which leads to Equation 35 when Thomson’s
equation is approximated by Equation 13b. How-
ever, if we use instead Equation 13a, then we have

5&5 . constant
dr R"

Cwea/Rc [1 _ea(I/R—l/Rc)] (40)

Thus it is clear that, as R - 0

n

R
fRR, 1) « é_&r——l ~ RNMe 0/R (41)

This is to be contrasted with f(R, #) & R"*! which
results when Equation 13b is used.

Equation 41 shows that the effect of including
the proper form of Thomson’s equation suppresses
the population of very small partilces. We can
understand this result from general physical
considerations. For small particles the actual value
of Cg, islarger than that given by Equation 13b, the
solute currents are stronger and dissolution rates
higher than those calculated on the basis of
Equation 13b. A comparison of Equation 41 and
R™™' is shown in Fig. 3. It can be seen that the
changes in f(R, f) at small R are most obvious for
case 1.

The values of interfacial energy o are not
known with any certainty for most systems (see
Scott [46] for colloids in alkali halides and
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Flz)—

Figure 3 Comparison of the functions F(z) =
z"/(e!’# — 1)(full lines) and F(z) = z**! (dashed
lines) for n = 0, 1 and 2 as appropriate for cases
1,2 and 3. The variable z is written for R/ (see
text).

Oriani [44] for precipitates in metal alloys).
Taking a probably high value of o= 1000ergs
em™?, Q@ =5x%x 10" cm?® and T=1000K gives
a=>~7nm and the discrepancy due to the ap-
proximation in Equation 13b will become signi-
ficant for R = 20 nm. Smaller values of o improve
the situation so that for ¢ ~ 10ergscm™? (typical
of Niz Al in Ni) the approximation is very good.

Recent theoretical work [47, 48] suggests that
the binding energy decreases with size for very
small particles (containing > 20 atoms); the inter-
facial energy also becomes size dependent.
Equation 13a itself will not then remain valid for
such small particles and will underestimate Cr (see
also [9]). Presumably these effects will accelerate
the disintegration rates and reduce further the
population of the very small particles.

Since the value of C, (¢) will be affected by the
higher dissolution rates of these small particles,
other parts of the distribution curve (i.e. for large
values of R) may also change. However, it seems
clear from the preceding arguments that the
major effect of the approximations in Equations
13a and b will be to change the functional de-
pendence of f(R, f) on R as R > 0.
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3.3. Steady state diffusion and
homogeneous distribution
approximations

To obtain expressions for dR/d¢ in cases 2 and 3

where diffusion is involved, it is necessary to

calculate the solute currents to a growing particle
or from a shrinking particle. This involves solving
the diffusion equation

DV2C = 3C/at (42)

under the following usual assumptions.

(1) The interparticle distance A (or distance X\
between two dislocations) is much larger than the
radius R of the particle (or the effective capture
radius 4, in the case of dislocations, case 3).

(2) The distribution of particles (or dislocations)
is uniform to satisfy (1) and to permit the ap-
proximation of spherical symmetry in case 2 and
cylindrical symmetry in case 3.

(3) The concentration C is described by steady
state diffusion, i.e. 3C/9¢r and dR/dt are assumed
to be zero while calculating C as a function of
distance from the particle (see also Appendix 2).

These are the assumptions also used by Wert
and Zener [5] in their treatment of precipitation.



The first term of the more complete eigenvalue
series of Ham [6] is exactly equivalent to the
treatment of Wert and Zener, for the spherical
particle in case 2, and dominates the kinetics
when A> R. It can also be shown [49] that
steady state diffusion conditions are satisfied very
well when C,/(C, —Cg) > 1, which holds well
during the ripening process. The critical as-
sumptions are, therefore, the assumptions (1) and
(2) above.

We discuss the first two approximations, in
particular the effect of deviations from uniform
distribution, for case 2. The arguments can be
easily extended to the other two cases, if necessary,
with similar conclusions.

3.4. Inhomogeneities in the Frank—Zener
precipitation regime

We first consider the growth of particles from high

supersaturation studied by Zener {2] and Frank

[1] and then extend the argument to the ripening

case.

In the case of precipitation and growth of
particles of equal radius R (as distinguished from
Ostwald ripening, designated as the LSW regime),
the characteristic time 7, for the depletion of
supersaturation C, — Cy, is given [5]

T, = \N*/DR (43)
where X is the mean interparticle separation. The
distance over which any fluctuation in C, will
be smoothed out in this time is A(A/R)Y%. Any
deviations from an ideally random distribution will
therefore not affect significantly the kinetics of
the precipitation process if they are limited to
distances of this order. For A ~ 10R this limiting
distance is a few A. However, it is clear that any
variation in C, over a distance larger than this will
not be able to come into equilibrium during the
precipitation process, and that the kinetics of
precipitation must then be altered.

Now consider two regions of the ecrystal
separated by a distance L. Let the particles be
ideally distributed (i.e. fluctuation confined to
distances < few A) in each region, but suppose
that the values of A and R (or of either one of
them) are different in the two regions, say A, and
R, in the first region and A, and R, in the second
region respectively. The two regions will behave
almost independently and the values of R as well

as C,(¢) will continue to be different in the two
regions if the time 7, needed for smoothing out
the difference in C, (¢), given by

r, = L*/D (44)
is much larger than

NN
R.D R,D

Ty ™

ie.if

LN, 2 > (MR)Y% ~ 3 for (MR)q, 2 ~ 10 (45)

The difference in C,(¢) or R between two
regions can arise if nucleation occurs earlier in some
parts of the crystal than in others (e.g. due to
possible temperature differences in different parts
of the crystal during cooling) and in A; and A, if
nucleation occurs at special sites which are not
uniformly distributed in the crystal.

To summarize then, we can say that the precipi-
tation of second phase particles and depletion of
Cy(®) — C. in the Frank—Zener regime will be
described by the equations given by Wert and Zener
by one single relaxation time 7, if all particles are
of equal radii and if the distribution of particles
is fairly uniform in the solid. Small fluctuations
in A or R will cause a distribution in the value of
7, over a small range. However, if there are groups
of nuclei or particles in high local concentrations,
separated by a distance L such that L > A, these
groups will behave practically independently of
each other. If C, (¢) in any group is different from
that in another group, the difference will persist
for most of the precipitation period. In this case
any measured macroscopic average of C, (z) will
be a superposition of the values in the different
regions. The application of this idea to precipi-
tation data is discussed in more detail by Jain and
Hughes [50].

3.5. LSW regime
Differentiating Equation 32 with respect to
time and using Equation 31 we obtain

d(C, —C..
D ya-com @
I
where
9R3C,
- 4
"L = 4aDC. “47)
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is the characteristic time for the rate of change of
(C, — C.) in the LSW regime*. The distance over
which any fluctuations will be smoothed out in
-~ -this time is-of-order(R7 C5/a€.)"*. Thé condition
for two different LSW systems in the same crystal
to act independently thus becomes

R (o
L>
where L is the distance between the two systems.

With Ro/a ~ 3, Cp/Cw ~ 107 this gives
LR, > 50ie.L/x> 5if A ~ 10R,

(4%)

(49)

as compared with Equation 45.

It should be noted that in neither the Frank—
Zener regime nor the LSW regime is dC, /dt properly.
linear in (C, — C.), since, for example, 71 is a
function of time through R.. Thus a comparison
of the “time constants” 7, or 7, with L*/D is only
a very rough criterion. It would be more satis-
factory to compare the value of dC,/dt due to
ripening within each LSW system with the rate
at which the values of C, in each region tend to
change due to inter-region diffusion. We can
express the latter approximately through

d|cC, (2) C, (] l

lGo-a)

_DaC.x. 1 _ 1
~L* [R.(2) R

From Equations 46 and 47 we have, in terms of R,

dC, ()| 462C2D
dt 27C,RA(1)

Comparing Equations 50 and 51 we obtain the
criterion for the two LSW regimes to be inde-

pendent as
1{1
—1 (52)
{5 } ‘
with R.(2) = BR.(1).
Equation 52 may be rewritten

R Gf1
a C.|B

which is essentially the same as Equation 48. If
two LSW systems are to be recognized as ripening
independently, R.(2) must be significantly dif-

(50)

(51

o C.,‘=

O

> (53)

ferent from R, (1) i.e. B appreciably greater or less
than unity. Equation 53 shows that if §~ 0.5 the
condition for independent ripening is not difficult
to satisfy. For example, even if R, ~20nm the
two regions need only be separated by some um
in a typical case. In any given situation, one needs
to examine the values of a, C, and C, relevant to
the system concerned. However, we may conclude
as a result of the arguments in this section that if
groups of precipitates occur in an inhomogeneous
distribution as a result of the nucleation process,
they may subsequently undergo Ostwald ripening
as almost independent LSW systems with different
critical radii. Particle size distributions observed
experimentally may therefore be superpositions of
several different distribution functions of the
types described in Section 2.

The arguments are quite easily extended to
cover cases 1 and 3, with similar conclusions. In
fact, the condition for independent ripening
systems becomes easier to satisfy as one goes from
case 1 through case 2 to case 3.

4. Comparison of the theory with
experiments on non-metallic solids
4.1. Silver particles in glass
Kreibig [25] produced silver particles in photo-
sensitive glass containing 0.02 to 0.06% of Ag,0.
Particles were nucleated by radiation from a
mercury lamp or by X-rays. The particles were
grown and ripened at 550°C. The glass was
pulverized and dissolved in water and the size
distribution of the particles thus released was
measured using electron microscopy.

Efforts have been made to fit each of the
theoretical curves [F; (1) for the surface reaction
case, F, (1) for the bulk diffusion case and F5 ()
for the dislocation diffusion case] with the size
distribution measured by Kreibig. The fits were
made by scaling the radius coordinate so that
the peaks of the experimental histogram and
the theoretical distributions come close together.
Several such fits may be tried and their success
judged by inspection. As shown in Fig. 4, F; (1)
is too broad to give a satisfactory fit to the data.
On the other hand, both the curves F,(&) and
F3(u) are much too narrow when compared with
the observed distribution. In any case one would
not expect the dislocation or grain boundary case
to be relevant for a glass.

*Note 77, contains R whereas , given in Section 2.3 contains RZ(0), otherwise the expressions are similar.
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Figure 4 A comparison of the theoretical size distribution
function F,(u) with the experimental data for silver par-
ticles in glass obtained by Kreibig [25]. The experimental
data have been recast in terms of u = R/Rc by choosing
a value of R, which gives the best visual fit.

We suggested in Section 3 that all particles in a
matrix need not necessarily form part of one LSW
system. Based on this suggestion and the argu-
ments given there, we have tried and fitted success-
fully two F,(u) curves with the observed distri-
bution, the values of R being Ry =5.0nm and
R, = 6.5nm for the two systems. It is seen from
Fig. 5 that the curve F=F,(u;)+FW,)
(u; =R/R, and u, = R/R,) agrees well with the
observations.

Though this agreement of the sum of two F, (i)
curves with observations supports strongly the sug-
gestion that two or more LSW ripening groups
occur independently in many cases, the real test of
this suggestion would lie in the measurement of
the interparticle distances and radius distributions
in space in the sample. Unfortunately such infor-
mation is not available in any of the size distri-
bution measurements reported in the literature.

It is seen in Fig. 5 that there are a few very
large particles (R ~ 10 to 13nm) present in the
system with a gap near R ~ 11.5nm where there

Fluy —>
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Figure 5 Evidence of two LSW systems of silver particles
ripening independently in experiments made by Kreibig
[25]. The observed size distribution, shown by histograms,
fits with the composite curve F = F, + F,, F, = F,(u,)

1
and F, = F,(u,); the values of average radii for the two

systems u, and u, are R, =5.0nm and R, = 6.5nm
respectively. Single LSW curves F, (1), F, (1) or F, (1) do
not fit with the observations.

are no particles. We shall discuss briefly these large
particles, along with the results of Shvarts et al
[24] and Chassagne et al. [29, 30], in Section 5.

4.2, Silver particles in KCI

Silver particles in alkali halides have been studied
by several workers. Recently Jain and Arora [26]
have measured the size distribution of the particles
in KCl. The crystal was dissolved in water and the
size of the particles thus released was measured
with an electron microscope. The observed distri-
butions for a crystal ripened for two different
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Figure 6 Ostwald ripening of silver particles in KC1 by diffusion through dislocations observed by Jain and Arora [26].
T]:le observed distributions (i.e. histograms) are perhaps the narrowest reported in the literature and can be fitted only
with the sharp theoretical curves F, (1) obtained for ripening by diffusion though dislocations. (a) 2R = 33 nm and

(b) 2R = 46 nm.

times are shown by the histograms in Figs. 6a and
b respectively. The distributions are the narrowest
of all the measured distributions on different
systems we have seen so far (see for comparison
the data given in [21] and references therein). The
theoretical plot of F3(u), derived earlier (Section
2) for diffusion through dislocations, fits extremely
well with the observations in both cases [51].
F, (u) is substantially too broad. Since the ripening
was done at a rather high temperature (700° C),
the result that the diffusion is almost completely
controlled by transport through dislocations may
appear surprising. However, the crystals were grown
from the melt, quenched from high temperatures
several times and contained a very high dislocation
density. Durand ef al. [38] have also found that
metallic colloids are formed by migration of F-
centres to dislocations even if the alkali halide
crystals are not deformed. The most convincing
evidence that the colloids are in fact formed at
dislocations, even in undeformed crystals, is
provided by the direct observations of colloids by
Hobbs et al. [52] and Chassagne et al. [29, 30].
Calleja and Agulls-Lopez [32] have attempted
to fit these data for Ag colloids in KCl using the
bulk diffusion distribution F,(u). They obtain an
apparently good fit by superposing the two experi-
mental distributions in Figs. 6a and b, assuming
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that the 3 law holds for R (=R,). This super-
position, however, results in a distribution which
is substantially wider than each separate experi-
mental histogram, and explains why they are able
to get a good fit to F,(u). In fact the ripening
times quoted by Jain and Arora [26] are not
known precisely enough to test the time depen-
dence of R,, and the limited data fit neither '
nor t¥4,

4.3. Suzuki phase in NaCl

Kirk et al. [27] have studied precipitates of the
Suzuki phase MnCl, - 6NaCl in Mn doped NaCl
crystals. The size distribution of the precipitates
measured by them in a crystal containing
225 p.p.m. of MnCl, is shown in Fig. 7.

Although Mn diffusion is the rate-controlling
process for the transport of Mn [27], a study of
the Suzuki phase structure shows that both Mn2*
and its charge compensating cation vacancy have
to be incorporated in the precipitate at specific
locations. The Mn?* ion and the cation vacancy do
not form a nearest neighbour pair in the phase. It
is not possible for the Mn?* ion or the vacancy to
attach themselves to the precipitate at the point of
arrival on the surface of the precipitate. We there-
fore expect that a relatively slow surface reaction
will control the growth kinetics and compare the
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Figure 7 Size distribution. of the Suzuki phase of MnCl, +
6NaCl cystals observed by Kirk, Kahn and Pratt
[27] (histogram) and theoretical plot of F, (1), the LSW
curve for surface controlled reaction for R = 128 nm. The
concentration of Mn in NaCl is 225 p.p.m. The small
discrepancy between theory and experiment for # < 0.5 is
probably not significant (see text). The cation vacancy and
Mn** ion have to be incorporated in the precipitate at
specific sites. Since they cannot deposit themselves onto
the precipitates at the points of arrival, surface reaction is
believed to be the rate-controlling mechanism.

theoretical distribution F,(u), Equation 26, with
the experimental results in Fig. 7. The agreement
of theory with experiment is good except for the
very small number of particles for u <0.5. This
discrepancy is perhaps to be expected in view of
the discussion of the approximation used in
expanding Thomson’s equation (Equation 13) in
Section 3. It was mentioned earlier that this error
is expected to be most apparent in the surface re-
action case. F,(u} and F3(u) are much narrower
than the experimental distribution, although it
must be admitted that a superposition of several
such curves would, of course, give a better fit.

5. The presence of large particles and the
influence of gross inhomogeneities

We have seen in Section 4 that there were a few

large particles of silver present in the glass in

Kreibig’s experiments. These did not form part of

the two LSW systems which described the size
distribution of the rest of the particles. The occur-
rence of these anomalously large particles is not
unique to silver particles in glass and is found in
many other systems. Chellman and Ardell {21]
found such particles in metal alloys. Kirk et al. [27]
also observed a few large precipitates of the Suzuki
phase in their more heavily doped crystals of NaClL
The size distribution histograms of Kirk et 4l be-
came quite complex in the heavily doped crystals.

Shvarts et al. [24] have reported the size distri-
bution of Na and K colloids in NaCl and KCl
heavily coloured by electrolytic coloration. They
found that the distribution of colloids was highly
non-uniform in their crystals. A long tail on the
large size side of the size distribution is observed
in these crystals. The size distribution spectra of
Chassagne et al. {29] are also very complex and
show an anomalously large population of large
particles. (Note that in the replica electron micro-
scopy technique used by Shvarts er al, the true
size distribution is obtained from the measured
size distribution by the method described by
Lifshitz and ‘Slezov [10]. This correction makes
the true distribution of a slightly different shape
from the observed one, but cannot explain the
population of large particles or the tail on the large
size side.)

A notable result of LSW theory for Ostwald
ripening in all three cases considered is the sharp
cut-off at some value of R close to but larger than
R on the large size side. The presence of a few very
large particles or a gradual tail on the large size side
are results exactly opposite to the predictions of
the theory.

The result derived in Section 3 that different
groups of particles may form different LSW sys-
tems (or that there may be a more or less con-
tinuous distribution of R) was based on a non-
uniformity in the distribution of particles, but it
was implicitly assumed that A> R {or A> ¢, in
the case of disloeations) for the particles in each
system, so that the approximations of spherical
symmetry and steady state diffusion are still valid.
In any one LSW system, each particle “sees” all
the other particles through its interaction with
C\(#) (which is determined by the dR/d¢ of all par-
ticles). In this case, no single particle can go ahead
and grow very large, as all particles with comparable
radii R > R, draw the solute from C,(¢) and grow
at comparable rates.

A close study of the results of Shvarts ef ol [24]
and Chassagne ef al. [29] shows that the distribu-
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tion of particles in space in the crystals is character-
ized by large inhomogeneities. In many of the
photographs of colloids in crystals [28-30], the
spacing between the surfaces of the colloidal par-
ticles is less than the particle radii R. Chassagne et
al. [29] also found that the number of F-centres
lost during the ripening process was much larger
than the number of alkali metal atoms present in
the colloids obtained and measured with the help
of the electron microscope. The discrepancy is
very large and cannot be explained by taking into
account the thermal diffusion of F-centres out of
the crystal during the ripening process [31, 53, 54].
A more likely explanation [29] is that the inhom-
ogeneous nature of the colloid distribution prevents
the replication electron microscopy from providing
a true average picture of the system. In both sets
of experiments the colloid size distributions have
complex shapes which change with annealing time.
All these features suggest that in these systems we
are dealing with conditions which result in at least
some of the colloidal particles not meeting the
criteria for forming an LSW system. In particular,
it appears as if groups of particles are formed
which have A ~ R instead of > R. These systems
are very complex, since the concepts of steady
state diffusion and spherical symmetry around
each particle break down (see also Section 3.3). A
satisfactory theory of Ostwald ripening under
these conditions is not available (see however
Chellman and Ardell [21] for a limited attempt at
the problem). In addition, it is also possible that
very closely spaced particles (A ~ R) may coalesce
by actual particle migration (driven in the case of
colloids presumably by surface diffusion). This
effect is not included in the main results of the
LSW theory of ripening,but is extremely important
for the growth of particles in gases and liquids
where it is the dominant ripening process (see for
example [55-61].

Despite these difficulties, we can understand
in a general way the features of the size distribu-
tion for systems where some particles are formed
very close together. Such a cluster of closely spaced
particles can ripen independently of the behaviour
of the rest of the particles in the solid (see Section
3.5), so that it may ripen relatively quickly into
one large particle. If there are several such clusters
of particles, after some period of ripening there
will be a few very large particles originating from
these clusters, plus the rest of the solid which may
still contain one or more groups of more dispersed
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particles which are still forming LSW systems. In
any one experiment, the particle size distribution
is then likely to display evidence for an LSW-type
distribution plus some “anomalously” large
particles.

6. Conclusions

In this paper we have examined the basic Lifshitz—
Slezov—Wagner theory of Ostwald ripening, ex-
tended it to include diffusion of solute along dis-
locations or grain boundaries, and explored the
conditions under which it may be expected to
hold in practice. It is apparent from this study that
it is quite possible for different regions of the same
solid to ripen independently. This behaviour seems
to be borne out when attempts are made to apply
the simple theory to the growth of particles in
ionic crystals, since several of the systems studied
show features which cannot be explained on the
basis of one ripening system. In particular, some
very large particles are often found which are very
likely to have resulted from special regions where a
few closely spaced particles have relatively quickly
ripened or coalesced into one precipitate. This
possibility is consistent with the very inhomo-
geneous distributions of particles observed by elec-
tron microscopy.

One characteristic of the systems to which we
have applied the theory is that they are generally
rather dilute by comparison with precipitation
problems which have been studied in alloys. For
example, the total “solute” concentration in the
case of the growth of colloids from F-centres in
alkali halides is <0.1%, whereas in metallurgical
applications of LSW theory to the coarsening of
NijAl particles in Ni—Al alloys the solute concen-
tration may be several percent. Nevertheless, some
of the discrepancies between LSW theory and
observations in metallurgical systems may, on
careful examination, be due to some of the limita-
tions of the theory which we have discussed.

Appendix 1

List of symbols used
interfacial energy (ergs cm™?)
20Q/kT (cm)
atomic volume of solute atom (cm?)
interparticle separation (cm)
radius of the particle (cm)

c critical radius

R,(0) wvalueofR atr=20

x> R QA



average radius

reduced radius R/R,, ‘

surface reaction rate constant {(cmsec™)

bulk diffusion coefficient (cm?® sec™)

dislocation diffusion coefficient

grain boundary diffusion coefficient

rate constant in dislocation or grain

boundary case (cm? sec™!)

C solute concentration at general point

(cm™)

solute concentration at surface of precipi-

tate of radius R

average concentration of solute in bulk of

crystal

concentration of solute in equilibrium

with a plane surface (R - )

concentration of solute atoms in the par-

ticle

t time (sec)

relaxation time

number density of particles at time ¢

(em™)

a radius of dislocation line (cm)

effective value of a

b thickness or width of grain boundary (cm)

s perpendicular distance from the core of a
dislocation line or from a grain boundary

x distance from the centre of the particle

along the dislocation line or in the grain

boundary plane

solute current into particle

solute current from bulk into the disloca-

tion line (or grain boundary,) cm™

(or cm™) sec™

B strength of potential of the dislocation
stress field

L separation of two regions of crystal.
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Appendix 2

Rate of change of particle radius due to
dislocation and grain boundary diffusion of
solute atoms

In the steady state approximation where 3C/dt = 0
at all points in the solid, a number of different
approaches can be used to calculate dR/dr for

dislocation or grain boundary diffusion. We con-
sider these in this appendix. In all cases, we shall
neglect the influence of the particle itself on the
diffusion process to or along the dislocation or
grain boundary, so that the diffusion problem re-
tains the symmetry of the line or planar defect.
This approximation will be reasonable provided
the particle radius R is much smaller than the inter-
particle separation A or, more precisely, smaller
than the distance over which the solute concentra-
tion achieves its mean bulk value C,.

1. Dislocation diffusion
The geometry of the problem is shown in Fig. 1a.
(a) Let us assume first of all that there is no
appreciable diffusion of solute from the bulk to
the dislocation line, but that the solute concentra-
tion in the dislocation is maintained at the bulk
value C, at a distance x =d (d > R) from the
particle by some means.
In the steady state

20w _

D
box?

(A1)

so that with boundary conditions ((x) = Cy at
x=R and Ox)=C, at x =d we find that the
current density j of solute info the particle is
given by

o {acw) Dy
i= Dl(——ax )x=R = (G —Cr) (A2)

(b) Suppose now that there is lateral diffusion
of solute into the dislocation from the bulk. In the
steady state the equation of continuity is then™®

2
szlaa;(x)+ () = 0 (A3)
where
G = 2mD(a—%@> (A4)

*This treatment does not explicitly include the drift of solute into the dislocation by virtue of the elastic interaction
between the dislocation and a solute atom. This may be included in a crude way by an appropriate choice of the dis-

tance ¢ as the interaction distance. (See Equation 6).
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To find j(x) we need C(s), which can be fourd in

the steady state approximation since in cylindrical

symmetry

aC(s)
0s

=0

1
" (AS)

2y
as

This gives, with boundary conditions C(s) = ((x)
ats=gand ((s) =C at s =1

[Cs —C()] In (s/1)
In(fa)

Cis) = C, + ~ (A6)
so that
- 2aD[C, — C(x)]

In ({/a) (A7)

j(x)

Substituting this in Equation A3 and putting
Cx)—C, =y, we find
. az y

ox? Ky =0

(A3)

where

2 _ 2D
a*Dy In (I/a) (49)

Thus y = AeE*4 Be®X* where A and B are found
from the boundary conditions

y = (Cp—Cyatx =R

y = 0atx = d(d~ )

This leads to a current density into the particle
given by

o)

x=R

(A10)
= D{K[C, — Cg] coth [K(d —R)]

IfD - 0,K - 0and coth [K(d —R)] = 1/K(d —R),
so that Equation A10 reduces to Equation A2 as
expected. If d > e for finite K then

i = DK(C, —Cg) (All)

(c) An alternative approximation is to assume
that the solute in the dislocation pipe behaves like
a “gas” with constant concentration Cy. The cur-

rent into the particle must then equal the total
lateral flow into the dislocation

ie.
d
= [jeax @>ry AP
R
with -
. 2m B
) = e G~ 6w
Thus
2Dd (A13)

= —Cg)

a® In (l/a) @

This is essentially the “gas-like” model of Bullough
and Newman [36]. The rate of change of particle
radius is given by*

(Cp —Cr)4nR*dR/dt = 2ma%j

So that in all cases we have

dR G (C,—Cr)
R *‘C”;E“ (Cp>Cr)
where: case (a) G = 42D, /2d
= g‘ E)-QL —> 0o
case (b) =2 / (m (l/a)) (@)
Dd
case (¢) ¢ =

Thus the form of dR/dt is independent of which
model is used, although the interpretation of the
factor G differs for the three cases.

2. Grain boundary diffusion

The geometry of the problem is shown in Fig. 1b.
(a) If there is no transport from the bulk to the

grain boundary then in the boundary plane we

have, in the steady state

1a . aC(x)
ox

This gives (c.I. Equations A5 to A7) the current
density into the particle as:

o p (€6)  _ , (G—Cr)
T % |, T*Rm@R

= 0. (A14)

X ox

(A15)

where C(x) = C, at x = d(®>R).

*A single dislocation pipe cuts the particle over an area me* on each side. The extension to more than one dislocation is

obvious.
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(b) If there is lateral diffusion from the bulk to
the grain boundary then the equation of continuity
is

épg% agfj‘h i) =0 (Al6)
where
o) = 29(3(;?)) (A17)
s=b/2

(The 2 occurs because solute enters from both
sides.)

To find j(x) we use the fact that the lateral
problem is a one-dimensional one so that

( g—"—ﬁ S N T,
A I—b/2
where
Cis) = Cyats = L
Thus Equation A16 becomes, with C(x) — C, =y
%%xi—if—l&"zy =0 (A19)
where
R (A20)
D b(i—b/2)

If we now put K'x =
converted to

z, Equation A20 can be

o dy
Y A
et iew z’y =0 (A21)

which is Bessel’s equation with n =0 (see [62]
Chapter 21).

We seek a solution to this equation which tends
to zero as z tends to infinity (C(x) > C, as x > ),
so that we choose the zeroth order Bessel function
Ko(2) (Ko(z) > €7 \/(2/nz) as z > o (see [62],
p. 584 where the functions K,(z) are denoted by
Kh,(2)).

Thus we have y = AKy(z), with the constant of
integration 4 determined by the boundary condi-
tiony =Cg —C, whenz =K'R ie.

A4 = (Cr — G)/Ko(K'R).

>

The current dentsity of solute atoms into the par-

ticle is then
3
- Dg( C@‘ﬂ) .
ax x =R

Since ai—- [Ko(2)] = —K,(2) we have

j = DK(C,—Ce) K1ER) (a2
Ko(K'R)

0

To proceed further, we note that for large values
of x the solution y = C(x) — C, varies as

2 e—K‘x .
ewa= )i

Since the approximations we have made require
the particle of radius R to be much smaller than
the distance over which C(x) varies significantly,
which is of order x ~ 1/K’, we must have R < 1/K’
ie. K'R <101 Dy/D > R%Ip. We can than use the
small z approximations for the Bessel functions,
which lead to ([62], p. 580)

(A23)

Ko(z) = — % In (z/2) (A24)
K@ = 2(1)2) (A25)
so that
_ Dg(Cy — Cr)
Rn(2/K'R) (A26)

This is identical to Equation A15 if 2/K' =4.
(c) In the “gas-like” approximation (c.f. case
(c) of the dislocation problem) we assume that

(x)=Cy and

4 d*2D(C,~—
2Rbj = (2wx,i(x)dx ~ 172G Cp)
® 1hh A27
Thus ( )
Dd¥C, —C
— ( a R) (A28)

B(I—bIDR

Assuming a spherical particle (see Greenwood [20]
for the different numerical constants appropriate
to a particle of a shape which is in equilibrium
with the grain boundary forces) the rate of change
of particle radius is

(C, —Cg) 4nR* (dR/df) = 2uRbj.
In all three cases we therefore have
dR G (C,—Cp)
¢ R* C, (€ >Cr)
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Dgb
where: case () G = -

2 1n(d/R)
Db
case (b) G = i—fm
2
case(¢c) G = 57;?%—/2—)

Case (a) is essentially the same as that used by
Greenwood [20] and Chakraverty [411. Since
In (d/R) and In (2/K'R) are very slowly varying
functions of R(€d, < 2/K"), G is sensibly constant
in all three cases.

Thus we conclude that, with these approxima-
tions, both dislocation and grain boundary dif-
fusion lead to expressions for dR/dr of the same
general form in which dR/d¢ « R, This should
be compared with bulk diffusion in which case
dR/dt =R,

Appendix 3

Derivation of size distribution for the
dislocation or grain boundary diffusion case
The expression derived in Appendix 2 for the rate
of change of particle radius is

dR _ G (Ca—Cr)
& R G,
Using (Cg — C)/Co = /R and (C,, — Co)/Coe =
a/R,, this becomes
dR_GaC. [1 1
dr ~ C,R?

(A29)

R, R (A30)

Making substitutions to dimensionless variables
p =R/RL0),x = R:/R(0) and

f o= oG Co
CuR2(0)

Equation A30 becomes
dp 1
— = -1 A31
d[l P3 (p/x ) ( )

which is similar to the equation obtained by
Lifshitz and Slezov for the bulk diffusion case,
except that theirs has 1/p® on the right hand side
instead of 1/p°.

We now follow the Lifshitz and Slezov pro-
cedure and change to variables*®

u = p/x = R/R, (A32)

7= In(x*) (A33)

This procedure is followed so as to replace the
time variable " with the variable 7, which measures
time since the critical radius variable x will increase
monotonically with time as the solute supersatura-
tion (C, — C..) decreases!. Equation A31 can then
be transformed to

4
Lo hme-n-u B

dr
where

;

2y = 4

o (A35)

Note that the presence of x* in Equation A35 is
unrelated to the use of x* in Equation A35, but
originates in the fact that Equation A33 has p°
in the denominator. In terms of the original
variables:

4aGC,, dt

T awD

(A36)

which brings out the way v depends on the time
variation of R,.

Lifshitz and Slezov argue that v(7) will tend
asymptotically to a constant for large 7, and
furthermore that the value of this constant is such
as to make both du/dr and its first derivative with
respect to u zero at some point # = uy. The argu-
ments of Lifshitz and Slezov are quite general and
are applicable to the surface reaction case discussed
by Wagner [13] and to this case (irrespective of
the highest power of u in Equation A34). Using
this same prescription in our case leads to

uy = 443 (A37)
and
Yo = 4dup. (A38)
Thus we find
du  ut —4uiw—1)
gu) = — - = T 5 (A39)

*Note that the power of x used in 7 is arbitrary, and does not influence the final resulis. We choose x* to make a
parallel with the Lifshitz and Slezov use of x* in the bulk diffusion case.
TThis holds provided the particles are not initially all of exactly the same size, see Lifshitz and Slezov [10].
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The problem is now to use Equation A39 to derive
a size distribution function f(R, 1) where f(R, 1) is
the number density of particles with radius in the
range R to R + dR at time ¢. In terms of the new
variables p and u we can derive two new distri-
bution functions F(p) and ¢ () such that

SR, DAR = F(p,Hdp = ¢(u,7)du. (A40)
Thus

o, 7) = RJR, 6 (A4])

F(p,1) = R(0)f(R,1). (A42)

These distribution functions must satisfy two
constraints.
(a) The continuity equation

; 5 .
TR+ IR, OR] =

(A43)
which in u, 7 space becomes
dpu,7) 0
R ek R A = A44
o W] = 0 (A4)

(since from Equation A39 du/dr = — g(u)).

(b) The conservation of total number of solute
atoms per unit volume, Ny, which in terms of the
initial relative supersaturation defined by Q, =
No —C,,)/Cp, becomes

C_
Q = =
CD

4 t4m j R, OR3AR  (A45)

With some manipulation this can be converted to

__a Gl
RC(O)QOCp X

+K [ Fo 007d0  (46)
0

or
a  Co o T/ 3
— +Ke T/4f o(u, Ty’ du
c(O)QO
where
A47
_ 47TR3(0) ( )
300

Using a slight variant on the Lifshitz and Slezov
approach, we note that if Equation A47 is to be
satisfied as 7 > oo, ¢(u, 7) must have the form

¢(u, 7) = constant e "% F(u) (A48)

Substituting Equation A48 into the continuity
equation A44 we then find an expression for Fa(u)

3 [ du
—InF3(u) = 2 2w —— + Ing(u) + constant
(A49)
so that F3(u) can be deduced with the aid of
Equation A39

To perform the integration of 1/g(u) we note
that, using u, = 4/3, it can be transformed to

1 u?

4g(u)  (u—uo)® [(u+uo)? + 2d] (450)
_ (/18 + 23y | /18 (1/6)uo
u? + 3ud + 2uu, u—uy (—up)?
(A51)

After some manipulation to perform the integrals,

we obtain
constant u® ex —2 ex N faial)
u e .
P 3(u, —uw) P \/2 uo\/2

(uy —u™S)y@* + 2ugu + 4u )"

Fyw) =

foru <uy, = 4/3

Fa(u) = 0 foru > ug (A52)
This distribution is shown in Fig. 2. The mean
value of u is 7> 1 so that R >~ R . In fact it can be
shown by differentiating Equation A45 with
respect to time and assuming that f(R, ) and C,
are slowly varying functions of time that

= 2 (4R o
L fR, HR (dt>dR~0

which with the aid of Equation A30 for dR/d¢
gives R;' =R” R™'. This procedure is an extension
of the method used by Wagner [13] for the sur-
face reaction and bulk diffusion limited cases. The
approximations used are equivalent to taking the
asymptotic solutions of Lifshitz and Slezov, which
are valid forx = R,/R,(0)> 1 i.e. large 7.
Since we have assumed that y(r) = constant
= 4ud we also have
R¢ = RAO)(1 + t/75) (A53)
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where

_ B4GRE(0)

AS4
27aGC,, (A54)

73

The supersaturation (C, — C) « 1/R, therefore
falls like 17174,

The number of particles per unit volume n{r)

is, at long times > 73

() = f ®u, )du = constant e 7% o 7374
[¢]

(A55)
Finally using Equation A41
fR.1) = cozz:/tfnt Fs(iiRc)
. constent o (R/R.). (A56)
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